A three-dimensional linearized Euler theory for predicting tonal and broadband noise levels is used to determine the effectiveness of fan lean and sweep on reducing the sound power density (SPD). Results for tonal and broadband noise applications are presented for uniform flow interacting with unloaded blades. The ability of these passive noise control techniques to reduce the SPD broadband spectrum is shown to be frequency dependent. The success in applying lean and sweep to reduce the radiated SPD can be attributed to reductions specifically associated with an upstream radial modal number, n g = 0, of the upstream incident disturbances.
I. Introduction
Engine noise at approach and take-off is one of the most critical components of total aircraft noise. For modern day large bypass turbofan engines, one of the major noise components is that generated by the interaction of rotor wakes with stator vanes, which is known as fan interaction noise. Two distinct types of fan interaction noise are observed: tonal noise and broadband noise. Tonal noise is usually caused by large structure nonuniformities such as rotor wakes and tip and/or hub vortices impinging on guide vanes and thus it is characterized by well defined multiple blade passing frequencies (BPF) . In contrast, broadband noise is caused by upstream turbulence with a continuous frequency spectrum. The current paper analyzes the effectiveness of stator lean and sweep in reducing the sound power level of broadband noise.
There are two major noise reduction techniques: active and passive. Active suppression, such as boundary layer suction and fan wake management techniques 1 have been successful, however, they employ delicate and expensive control systems. Passive suppression techniques are relatively simpler to implement since they are incorporated in the fan design, and require less maintenance than active suppression techniques.
Currently passive noise reduction techniques rely on design experience. The efficiency of a passive noise reduction technique depends on both the number and the amplitude of the propagating duct modes. Thus, the radiated sound power can be reduced by three major techniques: (i) reducing the number of propagating duct modes, (ii) attenuating the intensity of the duct acoustic modes as they propagate, and/or, (iii) reducing the amplitude of the propagating duct modes by changing the cascade and blade geometry. The present paper will consider the third method for broadband noise.
Sound reduction by modifying the amplitude of the propagating duct modes can be obtained by modifying the unsteady vane loading. This can be achieved by extending the rotor/stator spacing or by implementing stator vane lean, and/or sweep. Experimental evidence suggests that increased rotor/stator spacing is an effective noise reduction mechanism.
2, 3 However, the excess engine weight penalty, and the additional external aerodynamic drag may affect the overall reduction gains. In these experiments the sound reduction was attributed to the viscous decay of the rotor wake, however, Atassi et al. 4 and Elhadidi and Atassi 5, 6 showed that the reduction is mainly due to the modified unsteady vane loading generated by mean flow swirl. Moreover, increasing the rotor/stator spacing will result in noise reduction only if the swirling mean flow is hydrodynamically stable. Experimental evidence also suggests that vane lean and sweep ( Figure 1 ) may produce significant reductions of fan noise over a wide range of operating conditions. 7, 8 The experiments show that the sound power reduction is not caused by the viscous wake decay as the rotor/stator spacing is increased for the swept vane. Rather the sound power reduction is caused by the modification of the radial phase of the incoming gust as it interacts with the swept vane. Traditionally the vanes are swept back, as a means to increase the rotor/stator spacing. More recently, forward rotor blade sweep has been experimentally examined as a means for noise reduction.
9 However, the reduction sought by increased rotor/stator spacing was not observed in these experiments. Previously, theoretical studies have examined the unsteady response due to incident rotor wakes interacting with swept and/or leaned vanes. Schulten 10, 11 applied a lifting surface formulation, whereas, Envia and Nallasamy 8 applied a strip theory approach which was coupled to a duct propagation code. Schulten 10 concluded that lean is not effective, whereas, Envia and Nallasamy 8 demonstrated that lean is effective, if applied in the direction of fan rotation. Also, Schulten 11 predicted that vane sweep for high Mach numbers is only effective for large sweep angles, whereas, Envia and Nallasamy 8 concluded that positive sweep will always be effective. Elhadidi and Atassi 6 used a 3D linearized Euler model to investigate lean and sweep. They showed that the main mechanism through which lean and sweep affect the annular cascade response is by modifying the radial variation of the incoming gust. Lean and sweep enhance the rotor wake radial variations at the stator leading edge, thus increasing the upwash spanwise phase variation. In turn, this modifies the amplitude of the propagating duct modes. For vane lean or sweep to be effective the contribution of the radiated sound power of all the propagating duct modes must result in an overall sound power reduction. This can be achieved if the number of rotor wakes radial profile zero crossings (intersections with the stator vanes) is larger than the number of propagating duct modes. This will insure that the higher order cut-on duct modes are not dominant and highly energized. Thus, the effectiveness of vane lean or sweep depends on the number of propagating duct modes which in turn depend on the reduced frequency and azimuthal mode number of the propagating duct modes.
The present paper examines the effectiveness of vane lean and sweep on broadband noise. Broadband noise is calculated over a large range of reduced frequencies as well as azimuthal modal numbers, there-fore the successful application of passive noise control techniques may depend on too many parameters to make general conclusions. The broadband model developed in [12] [13] [14] will be used in the present paper to determine the relative acoustic power change for various lean and sweep geometrical configurations for uniform axial flow. We first present the formulation of the problem for both the tonal and broadband noise spectra calculations. The tonal noise predictions are used to demonstrate the multifaceted parameters that affect the sound power. Finally, results for broadband noise are presented using a Liepmann turbulence model. 
II. Formulation

II.A. Tonal Noise
This paper uses the tonal noise formulation given by Elhadidi and Atassi. 6 We use the linearized isentropic Euler equations where the velocity U , pressure p, and density ρ, are linearized about their mean values U 0 , p 0 , and ρ 0 , which are computed numerically. The perturbation values u, p , and ρ , are solved for. The mean flow is assumed to be given in the form
where U x and U θ are the axial and swirl mean flow velocities, respectively. The unsteady velocity disturbance is represented as the sum of a vortical component, u R and a potential component ∇φ, such that
Furthermore, we define the pressure as
The Euler equations are linearized about the mean flow, equation (3) is substituted for pressure and reduce to:
where
is the material derivative associated with the mean flow, c 0 is the speed of sound, and ζ is the mean flow vorticity. This model has been shown to be suitable for high-frequency rotor-stator interaction noise.
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The acoustic pressure response can be expressed as (6) where m and n are the azimuthal and radial mode numbers for the acoustic waves. S m is the set of all values of m for which the mode is propagating, k mn is the axial wave number of the mode (m, n), and P mn is the corresponding eigenfunction of the mode (m, n) normalized such that its maximum value is unity. c mn is the magnitude of the unsteady pressure for mode (m, n) and is obtained by calculating the inner product
whereP mn represents the adjoint pressure modes.
Equation (4) requires initial conditions for u R . For tonal noise, this velocity is represented in terms of the gust velocity Fourier components. Similarly for broadband noise, this velocity is represented in terms of the turbulence velocity Fourier components, where each harmonic component is represented as
) .
where m g and n g are the azimuthal and radial modal numbers of the incident disturbance, respectively. For tonal noise rotor-stator interaction problems, m is given by the Tyler-Sofrin condition, m = pB−qV , where p and q are integers, B is the number of rotor blades and V is the number of stator vanes.
The boundary conditions are taken as in, 18 and consist of impermeability conditions along the hub and tip radii and blade surfaces, quasi-periodicity conditions imposed along the free surfaces, and exact non-reflecting boundary conditions applied at the inflow and outflow. Furthermore a second order numerical procedure is employed and validated as in 5 to solve our system of equations. Because of the linearization, we can consider the flow in a blade passage as shown in Figure 2 .
II.B. Broadband Noise
The turbulence is decomposed into its spectral components and the acoustic response to each harmonic component is calculated. We use the Liepmann spectral density tensor
where u is the rms turbulence velocity, Λ is the turbulence integral scale, k i is the wavenumber in the i direction, and
. The expression for the broadband energy spectrum is derived in 12, 13 and is given as
where Φ (in) ij represents the upstream conditions of the spectral density function chosen a priori, Λ mn = −ω +M x k mn +M θ m/r, the integer s is defined by m = m g −sV , and * indicates the complex conjugate. The sound spectrum may now be calculated by determining the cascade response to all harmonic components of the turbulence velocity. The range of variation of the azimuthal modal number, m g depends on the frequency, and could be as high as m g ∈ [−90, 90]. The range of the radial modal number, n g , is ∈ [−3, 3].
III. Results
Lean is defined as the azimuthal displacement, β, of the vane leading edge from its baseline radial position, as shown in Figure 1 . The lean angle is defined as positive in the counter clockwise direction. With this definition, positive lean corresponds to the azimuthal direction of propagation of the upstream disturbances considered in the present work. Spanwise phase variation of the disturbance upwash will depend on the lean angle. This phase variation is responsible for the noise reduction or amplification. 6 The use of a sweep angle, α, is another noise reduction mechanism. Backward sweep is defined as the axial displacement of the vane leading edge from its baseline radial position, as shown in Figure 1 . Vane sweep modifies the spanwise phase variation of the incident gust as does lean. For the case of a uniform flow, the disturbance upwash phase variation is proportional to ω U x ∆r tan α . Increasing the sweep angle and/or the reduced frequency will increase the rotor wake intersections with the vane leading edge.
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To express the efficiency of noise reduction, we calculate the relative acoustic power change (RAPC ) to the case of zero lean, sweep, and constant duct radii,
where P α=β=0 is the acoustic power at zero lean and sweep, α and β are the vane sweep and lean angles, respectively. The RAP C can be related to the more common decibel scale, ∆P db = 10 log P P α=β=0 = 10 log 1 + RAP C 100 .
Two sets of results are presented in this paper. First tonal noise results are presented for various lean and sweep angles. The behavior of the acoustic modes coefficients is examined for a reduced frequency of ω * = ωrt c 0 = 24.41. Note that the relationship between our reduced frequency and frequency in Hertz is given by f Hertz = 32.7757ω
* . The second set of results examines the effect of lean and sweep on predicted broadband sound power density (SPD) levels. Table 1 Results are presented for downstream propagating modes and downstream power radiation only. Upstream propagating sound must interact with a rotor, thereby altering the upstream sound. The model presented in this paper does not account for such interactions and therefore the upstream predictions are not relevant to true engine geometries.
III.A. Tonal Noise
The effects of lean and sweep on acoustic pressure coefficients for our flow conditions and geometry are examined for one harmonic disturbance. The purpose of this section is to review the effects of lean and sweep on individual acoustic modes. As broadband sound prediction relies on computing the SPD contributions of all existing propagating modes it is not possible to present all possible combinations {m g , n g } which may give rise to different grouping of amplification and reduction trends due to lean and sweep. Elhadidi and Atassi 6 demonstrate that the effectiveness of lean and sweep on reducing sound power depend on the fan geometry, and therefore we present a test case for our fan geometry.
We consider the following parameters in order to examine the effect of lean and sweep on the acoustic pressure coefficient amplification or reduction: m g = 11, p = 1, ω * = 24.41, and n g ∈ [−2, 2]. For this geometry, there exists four propagating duct modes (c 11,0 , c 11,1 , c 11,2 , c 11,3 ) which all have an azimuthal mode number m = 11. These particular parameters were chosen because ω * = 24.41 illustrates a case of high level of sound power reduction for lean. Furthermore, within this reduced frequency, by examination of the acoustic sound power, it was found that for our geometry and flow conditions m g = 11 contributes significantly to the total sound power for m g ∈ [−90, 90].
III.A.1. Effect of Vane Lean on Acoustic Pressure Coefficients
The acoustic pressure coefficients for lean angles, β ∈ [−20
• , 20 • ] are shown in Figure 3 for n g = (0, 1, −1, 2, −2). Figure 3(a) gives the results for n g = 0, Figure 3(b) gives the results for n g = 1, Figure  3(c) gives the results for n g = −1, Figure 3(d) gives the results for n g = 2, and finally Figure 3(e) gives the results for n g = −2. The amplitude of the acoustic pressure coefficient of the first mode decreases as lean increases while the amplitude of the higher order modes tend to increase as lean increases. This trend was also observed in. 6 Furthermore, as n g increases to |2| the second propagating mode is the dominant mode. For n g = 2 positive lean is effective while for n g = −2 negative lean is effective.
Note that the effects of lean are not symmetric with respect to n g . This is due to the fact that lean introduces phase variations in the gust which are different for ±n g , thus the symmetries which exist for zero lean angle no longer exist. In order for vane lean to be effective for reducing sound power, the total contributions from the modes which increase in amplitude must be less than the total contributions from the modes which decrease in amplitude. Furthermore, when applied to broadband sound power reduction, these effects must also be considered across all n g 's.
III.A.2. Effect of Vane Sweep on Acoustic Pressure Coefficients
The acoustic pressure coefficients for sweep angles, α ∈ [−20
• , 20 • ] are shown in Figure 4 for n g = (0, 1, −1, 2, −2). Figure 4(a) gives the results for n g = 0, Figure 4(b) gives the results for n g = 1, Figure  4 (c) gives the results for n g = −1, Figure 4(d) gives the results for n g = 2, and finally Figure 4(e) gives the results for n g = −2. As seen in Figure 4 (a), all sweep angles can be effective in reducing the amplitude of the first acoustic mode for n g = 0, while both reducing and increasing the amplitudes of the higher order modes. However, the effectiveness of sweep in reducing the acoustic coefficients for |n g | > 0 depends on the sweep angle as well as radial modal number. Negative sweep tends to reduce the amplitude of the first modal number for negative radial modal number, and positive sweep tends to reduce the amplitude of the first modal number for positive radial modal number. The higher order modes do not show a consistent pattern. The second acoustic mode is greatly amplified for positive sweep angles when n g = 1, or for negative sweep angles when n g = −1. However, this behavior is reversed for n g = 2, −2. Figure 4 indicates that moderate sweep angles may be more successful in reducing total power radiation as large sweep angle may significantly amplify the coefficients of the higher order modes. Similar to vane lean, in order for vane sweep to be effective for reducing sound power, the total contributions from the modes which increase in amplitude must be less than the total contributions from the modes which decrease in amplitude. Again, when applied to broadband sound power reduction, these effects must also be considered for all n g 's.
III.B. Broadband Noise
The SPD level is first calculated for zero lean and sweep (α = β = 0) and is given in Figure 5 . Note that the maximum SPD occurs for a reduced frequency of ω * = 24.41. Furthermore, the distribution of acoustic power versus the upstream disturbance radial modal number n g for zero lean and sweep (α = β = 0) is given in Figures 6(a) and 6(b) for reduced frequencies of ω * = 15.26 and ω * = 24.41, respectively. Figure 6 that the greatest contribution to the overall SPD comes from n g = 0. Therefore, while Figures 4 and 3 suggest that lean and sweep will substantially increase the sound power level contributions of the higher order upstream incident radial disturbances, it is still possible to achieve overall SPD level reduction by significantly reducing the contributions from n g = 0. 
It is evident from
III.B.1. Effectiveness of Vane Lean on SPD Reduction
The RAPC is calculated for lean angles β ∈ [−20
• , 20 • ], and is shown in Figure 7 . Furthermore, the distribution of acoustic power versus the upstream disturbance radial modal number n g for various lean angles β is given in Figures 8(a) acoustic power is reduced for n g = 0, 1. These reductions in sound power are greater than the total acoustic power increases from the n g = −1, 2, −2, 3, −3 contributions. Figure 8 (a) shows that even when the acoustic power contributions from n g = 0 are reduced it is still possible for the increases from the other radial modal disturbances to far exceed the reductions, therefore resulting in an overall increase in the SPD.
Note that ω * = 30.51 corresponds to a frequency of about 1000 Hz. As it has been shown that the effectiveness of lean on reducing the SPD levels is frequency dependent, larger reduced frequencies than those presented in this paper should be considered at the design stage when determining the effects of lean on the SPD spectrum.
III.B.2. Effectiveness of Vane Sweep on SPD Reduction
As with the analysis of vane lean, the RAPC is calculated for sweep angles α ∈ [−20
• , 20 • ] and is shown in Figure 9 . Furthermore, the distribution of acoustic power versus the upstream disturbance radial modal number n g for various sweep angles, α, is given in Figures 10(a) and 10(b) for the reduced frequencies of ω * = 15.26 and ω * = 24.41, respectively. Figure 9 illustrates that when ω * = 15.26, sweep increases the SPD for all sweep angles considered here. Figure 10 (a) shows that although the acoustic power contributions from n g = 0, −1, −2 are reduced it is still possible for the increases from the other radial modal disturbances to exceed the reductions, therefore resulting in an overall increase in the SPD. However, as with vane lean, vane sweep is also shown to be effective for the reduced frequency ω * = 24.41, but that the reduction occurs only for negative sweep angles. Figure 10 (b) indicates that this reduction can be attributed to the acoustic power reduction from the n g = 0, −1, −2, −3 contributions. These reductions are greater than the total acoustic power increases from the n g = 1, 2, 3 contributions. Therefore, for our fan geometry and flow conditions negative sweep angles may be used to reduce the SPD level of the peak of the predicted noise spectrum.
Unlike lean, SPD reductions can also be observed for ω * = 9.61, 12.20, 19.22 for small sweep angles. While these reductions are small compared to those of ω * = 24.41, the penalty associated with increased SPD for ω * = 7.63, 15.23, 30.51 for these small sweep angles is also very low. Therefore, small sweep angles may be successfully used to reduce overall SPD. As with lean, the effectiveness of sweep on reducing the SPD levels is frequency dependent, and larger reduced frequencies should be considered in evaluating any particular turbofan geometry.
IV. Conclusions
A three-dimensional linearized Euler theory for predicting tonal and broadband noise levels has been used to determine the effectiveness of fan lean and sweep on reducing the SPD. Results for tonal and broadband noise applications have been presented for uniform flow interacting with unloaded blades.
The ability of these passive noise control techniques to reduce the SPD broadband spectrum has been shown to be frequency dependent. The success in applying lean and sweep to reduce the radiated SPD is mainly caused by reduction of the contributions to the SPD by upstream excitations with low radial modal numbers.
This paper considered a simple meanflow model in order to isolate the effects of lean and sweep on radiated sound. However, swirling flows give rise to more complicated physics and therefore the results presented here may not be extended to swirling flows or loaded fan blade geometries. Future studies will account for such flow conditions and cascade geometries.
